Published by Institute of Physics Publishing for SISSA/ISAS Received: July 2, 2004 Accepted: November 10, 2004

Dimensional reduction of ten-dimensional supersymmetric gauge theories in the N = 1, D = 4 superfield formalism

Pantelis Manousselis and George Zoupanos

Department of Engineering Sciences, University of Patras 26110 Patras, Greece, and Physics Department, National Technical University Zografou Campus, 15780 Athens, Greece E-mail: pman@central.ntua.gr, george.zoupanos@cern.ch

Abstract: A ten-dimensional supersymmetric gauge theory is written in terms of N = 1, D = 4 superfields. The theory is dimensionally reduced over six-dimensional coset spaces. We find that the resulting four-dimensional theory is either a softly broken N = 1 supersymmetric gauge theory or a non-supersymmetric gauge theory depending on whether the coset spaces used in the reduction are non-symmetric or symmetric. In both cases examples susceptible to yield realistic models are presented.

Keywords: Space-Time Symmetries, Gauge Symmetry, Supersymmetry Breaking, Superspaces.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep112004025 /jhep112004025 .pdf

Contents

1. Introduction 1

2. The D = 10, N = 1 lagrangian in terms of D = 4, N = 1 superfields 2

3. CSDR using four-dimensional N = 1 superfields 4

4. A three generation softly broken supesymmetric example:

reduction of the G = E_8 over SU(3)/(U(1) × U(1)). 11

5. A three generation non-supersymmetric example:

reduction of the G = E_8 over B = CP^2 × S^2 15

6. Conclusions 20

1. Introduction

Higher-dimensional N = 1 supersymmetric gauge theories are known to lead to gauge theories with extended supersymmetries in four dimensions. Well known examples are N = 1 supersymmetric gauge theories in ten and six dimensions leading to N = 4 and N = 2 supersymmetric gauge theories in four dimensions under trivial reduction [1]. Fourdimensional gauge theories with extended supersymmetries are very interesting frameworks for studying properties of superconformal field theories and dualities [2, 3]. However, they are not known to lead to realistic theories describing physics beyond the Standard Model (SM). On the other hand the SM requires an understanding of the plethora of its free parameters resulting mostly from the ad-hoc introduction of the Higgs and Yukawa sectors in the theory, which could have their origin in a higher-dimensional theory. Indeed various schemes, with the Coset Space Dimensional Reduction (CSDR) [4, 5, 6] being pioneer have suggested that a unification of the gauge and Higgs sectors can be achieved in higher dimensions; the four-dimensional gauge and Higgs fields are simply the surviving components of the gauge fields of a pure gauge theory defined in higher dimensions. In the next step of development of the CSDR scheme, fermions were introduced [7] and then the four-dimensional Yukawa and gauge interactions of fermions found also a unified description in the gauge interactions of the higher-dimensional theory. The last step in this unified description in higher dimensions is to relate the gauge and fermion fields which have been introduced. This can be achieved by demanding that the higher-dimensional gauge theory be N = 1 supersymmetric; the gauge and fermion fields are members of the same vector supermultiplet. A very welcome input in this line of arguments comes from String Theory

– 1 –

(for instance the heterotic string) which fixes the space-time dimension and the gauge group of the higher-dimensional supersymmetric theory [1, 8]. Among the successes of the CSDR scheme one has to add the possibility of obtaining chiral theories in four dimensions [9], as well as softly broken or non-supersymmetric theories [10].

Motivated by the old work of Marcus, Sagnotti and Siegel (MSS) [11], a recent article [12] which examines the MSS lagrangian in dimensions between five and ten and by ref. [13], where superspace lagrangians with compact extra fifth dimension are considered, we would like to examine here to which extend our findings in refs. [10] can be described in the superfield language. We find that indeed this is possible with the exception of describing the softly supersymmetry breaking gaugino mass term due to the lack, so far, of a superfield formulation of the ten-dimensional supergravity-supersymmetric Yang-Mills (SYM) lagrangian. For the completeness of presentation we bypass this difficulty by choosing the torsion of the non-symmetric coset space such that there is no gaugino mass generated and carrying out the calculations at the origin of the coset space so that the form of the lagrangian is that of a flat space one. Moreover in our construction of explicit examples we present the details of a new calculation leading to the derivation of the potential of the resulting four-dimensional theory after dimensional reduction. Finally we show how the four-dimensional GUTs obtained using this dimensional reduction can potentially become realistic theories.

The present paper is organized as follows. In section 1 we present the D = 10, N = 1 lagrangian in terms of D = 4, N = 1 superfields. In section 2 we perform the CSDR using four-dimensional N = 1 superfields. In section 3 using the superfield formulation we present a three-generation softly broken supersymmetric example; it specifically concerns the reduction of a G = E_8 SYM theory over SU(3)/(U(1)×U(1)). In section 4 we present a three generation non-supersymmetric example. This example is obtained by the reduction of a G = E_8 SYM theory over B = (SU(3)/ SU(2) × U(1)) × (SU(2)/ U(1)) and the details of the four-dimensional potential are presented for the first time. Finally section 5 contains our conclusions.

2. The D = 10, N = 1 lagrangian in terms of D = 4, N = 1 superfields

In ref. [11] the ten-dimensional, N = 1 SYM lagrangian was written in terms of fourdimensional N = 1 superfields generalizing earlier formulation of the four-dimensional N = 4 supersymmetric gauge theory in terms of N = 1 superfields [14, 15]. The lagrangian written in superfield formalism is equivalent to the known lagrangian expressed in components [16], i.e. it reduces to the latter when the auxiliary fields are eliminated via the equations of motion. Then trivial dimensional reduction to four dimensions, leads to N = 4 supersymmetric gauge theory. In the present work we perform a generalized dimensional reduction, namely the CSDR [4]–[7]. We find that the four-dimensional theory obtained in this way can be a softly broken N = 1 supersymmetric gauge theory [10] if the reduction is carried over a coset space S/R which admits an SU(3)-structure [17], a requirement which in turn leads us to the suitable six-dimensional coset spaces. These are the three well known spaces G_2/ SU(3), Sp(4)/(SU(2) × U(1))_{non−max} and SU(3)/ U(1) × U(1).

– 2 –

It should be stressed that in general in the process of CSDR any sign of the higherdimensional supersymmetry may be lost [5, 9, 10]. Roughly the reason is the following. We assume a spacetime of the form M_4 × S/R with M_4 the four-dimensional Minkowski space and S/R a coset space. We reduce the theory in M_4 by imposing a generalized S-invariance in the extra-dimensional dependence of the fields defined on M_4 ×S/R, ( the details will be presented in section 3). The effect of this procedure is that only the S-invariant terms in the expansion of the fields in terms of harmonics of S/R survive. The reason¡ for obtaining either a non-supersymmetric or a softly broken supersymmetric theory in four dimensions is due to the fact that S-invariance does not commute with supersymmetry. Either Sinvariant bosons and fermions belong to different representations, as in the former case, or when they belong to the same representations, as in the latter case, then the interactions introduced in the process of dimensional reduction break softly even the remaining N = 1 supersymmetry.

The N = 4 vector multiplet in ten dimensions decomposes under N = 1 as 3 chiral multiplets Φ_a, a = 1, 2, 3 and a vector multiplet V . The superspace lagrangian will be built out of these fields. These will be ordinary D = 4, N = 1 superfields having a dependence on the extra coordinates y^a which can be considered, from the four-dimensional point of view, just as parameters. Equivalently the fields V and Φ_a can be considered as ordinary fields, i.e. a scalar and a vector on the transverse space, depending on the parameters x, θ, θ̄.

Following ref. [12] we consider the ten-dimensional N = 1 SYM theory, whose lagrangian is given by L = − 1 4g^2

Tr(F_{MN} F^{MN} ) − i 2g^2

Tr(λΓ^M D_M λ) . (2.1)

In order to write the theory in terms of D = 4, N = 1 superfields on a spacetime of the form M^4 × B we use the fact that the six-dimensional transverse space B admits an almost complex structure which allows us to use complex coordinates, z^a, a = 1, 2, 3, at a particular point, which later will be fixed to be the origin of a coset space B = S/R. If y^1, y^2, y^3, y^4, y^5, y^6 are the coordinates of the six-dimensional transverse space, then we can introduce complex coordinates by defining

z^1 = 1 2 (y^1 + iy^2) z^2 = 1 2 (y^3 + iy^4) z^3 = 1 2 (y^5 + iy^6) . (2.2)

The transverse rotational invariance is the SO(6) rotating the y^1, · · · , y^6 into each other. The SU(3) subgroup of the SO(6) ∼= SU(4) that rotates the z^a will be useful in constructing invariant actions. Similarly to the coordinates we can use combinations of the real higherdimensional components of the gauge field to construct the complex lowest components of the three chiral superfields Φ_a, as follows

Φ_a|_{θ=}¯_{θ=0} = 1 √ 2 A_a = 1 √ 2 (A_{4+2a} + iA_{3+2a}) . (2.3)

We will use the convention z̄^a = (z_a)^† for the complex coordinates, and Φ̄^a = (Φ_a)^† for the chiral fields.

– 3 –

The ten-dimensional action then takes the form [11, 12]

S_{10} = ∫ d^{10}x { ∫ d^2θ Tr ( 1 4g^2

W^αW_α + 1 2g^2 ϵ^{abc}Φ_a(∂_bΦ_c − 1 2 [Φ_b, Φ_c]) ) + (2.4)

+ ∫ d^4θ 1 g^2

Tr(( ¯∇^a+Φ̄^a)e^{−V} (∇_a+Φ_a)e^V + ¯∇^ae^{−V} ∇_ae^V ) } +WZW term .

The choice to express the vector supermultiplet in terms of N = 1 superfields breaks the original R = SU(4) symmetry of the lagrangian down to SU(3). The WZW term vanishes in the Wess-Zumino gauge. In ref. [11] was proven that this lagrangian is equivalent to the on-shell D = 10, N = 1 SYM given in eq. (2.1). When eq. (2.4) is trivially reduced to four dimensions the D = 4, N = 4 lagrangian is obtained. The six transverse components of the gauge field become scalars in the adjoint of the ten-dimensional gauge group G. In components it has the form L = − 1 4g^2 Tr ( F_{μν} F^{μν} + 2D_μA_mD^μA_m − [A_m, A_n]^2 ) − i 2g^2

Tr(λΓ^μD_μλ + iλΓ^m[A_m, λ]) (2.5) with the potential given by V = − 1 4g^2

Tr ([A_m, A_n])^2 , (2.6)

as can be found by inspection of eq. (2.5). In the CSDR described below we will show how both the gauge symmetry G is broken to a subgroup H and the N = 4 SUSY is reduced to softly broken N = 1. Moreover the Higgs fields obtained from the higher-dimensional components of the gauge field do not belong in the adjoint representation.

3. CSDR using four-dimensional N = 1 superfields

Let us proceed by recalling the fundamental ideas of the dimensional reduction procedure that will be used. Dimensional reduction is the construction of a lower-dimensional lagrangian starting from higher dimensions. In our construction we will use the symmetries of the extra dimensions. The CSDR is a dimensional reduction scheme, in which the extra dimensions form a coset space S/R and the symmetry used is the group S of isometries of S/R. Given the above form of the extra coordinates one can construct a lower-dimensional lagrangian by demanding the fields to be symmetric. This means that one could require the fields to be form invariant under the action of the group S on extra coordinates,

δ_ξ Φ^i = L_ξΦ^i = 0 , (3.1)

where L_ξ is the Lie derivative with respect to the Killing vectors ξ of the extra dimensional metric. However this condition appears to be too strong when the higher-dimensional lagrangian possesses a symmetry. Then a generalized form of the symmetry condition (3.1) can be δ_ξ Φ^i = L_ξΦ^i = U_ξΦ^i , (3.2) where U_ξ is the symmetry of the lagrangian.

– 4 –

When we apply CSDR in a gauge theory the U_ξ is naturally chosen to be a gauge transformation. Then the original lagrangian becomes independent of the extra coordinates because of the gauge invariance of the theory.

The original spacetime (M^D, g^{MN} ), is assumed to be compactified to M^4 × S/R, with S/R a coset space. The original coordinates x̂^M become coordinates of M^4 × S/R, x̂^M = (x^μ, y^α), where α is a curved index of the coset and a denotes a flat tangent space index. The metric is g^{MN} = [ η^{μν} 0 0 −g^{αβ} ] , (3.3)

where η^{μν} = diag(1, −1, −1, −1) is the Minkowski spacetime metric and g^{αβ} is the coset space metric.

In order to study the geometry of coset spaces it is useful to divide the generators of S, Q_A in two sets the generators of R, Q_i (i = 1, . . . , dim R) and the generators of S/R, Q_a (a = dim R + 1 . . . , dim S). Then the commutation relations for the S generators become

[Q_i, Q_j] = f^k_{ij}Q_k , [Q_i, Q_a] = f^b_{ia}Q_b , [Q_a, Q_b] = f^i_{ab}Q_i + f^c_{ab}Q_c . (3.4)

The coset space S/R is called symmetric when f^c_{ab} = 0. Then the above commutation relations are invariant under the discrete mapping of generators Q_a → −Q_a [19].

The coordinates y define an element of S, L(y), which is a coset representative. Then the Maurer-Cartan form with values in the Lie algebra of S is defined by

V (y) = L^{−1}(y)dL(y) = e^A_α Q_Ady^α (3.5)

and obeys the Maurer-Cartan equation,

dV + V ∧ V = 0 . (3.6)

From the relation (3.6), and using standard techniques of differential geometry, we can develop the geometry of coset spaces and compute vielbeins, connections, curvature and torsion. For instance the vielbein and the R-connection can be computed at the origin, y = 0; the results being e^a_α = δ^a_α and e^i_α = 0. More generally in the CSDR scheme we can perform the necessary calculations at the origin, y = 0 of the coset space S/R due to the transitive action of S on S/R.

The fermion part of the lagrangian (2.1), when reduced according to CSDR rules (see e.g. [5]) becomes L_Y = i 2 ψΓ^a∇_aψ + ψV ψ . (3.7)

At y = 0 one finds that ∇_a = ϕ_a and therefore the term^i_2 ψΓ^a∇_aψ in eq. (3.7) is exactly the Yukawa term. The last term more explicitly is given by V = i 4 Γ^aG_{abc}Σ^{bc} , (3.8)

– 5 –

S/R SO(6) vector SO(6) spinor SO(7)/ SO(6) 6 4 SU(4)/ SU(3) × U(1) 3_{−2} + 3_2 1_3 + 3_{−1} Sp(4)/(SU(2) × U(1))_{max} 3_{−2} + 3_2 1_3 + 3_{−1} SU(3) × SU(2)/ SU(2) × U(1) × U(1) 1_{0,2a} + 1_{0,−2a} 1_{b,−a} + 1_{−b,−a} +2_{b,0} + 2_{−b,0} +2_{0,a} Sp(4) × SU(2)/ SU(2) × SU(2) × U(1) (1, 1)_2 + (1, 1)_{−2} (2, 1)_1 + (1, 2)_{−1} +(2, 2)_0 (SU(2)/ U(1))^3 (2a, 0, 0) + (−2a, 0, 0) (a, b, c) + (−a, −b, c) +(0, 2b, 0) + (0, −2b, 0) +(−a, b, −c) + (a, −b, −c) (0, 0, 2c) + (0, 0, −2c)

Table 1: Six-dimensional symmetric cosets with rankS = rankR.

where Γ^a are the gamma matrices in six dimensions, Σ^{bc} = 1/2(Γ^aΓ^b − Γ^bΓ^a) and G_{abc} = (1 + k)f_{abc}, with k a parameter which controls the torsion and is the term from which the gaugino acquires mass. Clearly the term (3.8) can be put equal to zero by the choice k = −1. Then the total action, S = ∫ d^4xd^dy √ −g [ − 1 4 Tr (F_{MN} F_{KΛ}) g^{MK} g^{NΛ} + i 2 ψΓ^M D_M ψ ] , (3.9)

can be written as [11]

S_{10} = ∫ d^{10}x { ∫ d^2θ Tr ( 1 4g^2

W^αW_α + 1 2g^2 ϵ^{abc}Φ_a(∂_bΦ_c − 1 2 [Φ_b, Φ_c]) ) +

+ ∫ d^4θ 1 g^2

Tr(( ¯∂^a + Φ̄^a)e^{−V} (∂_a + Φ_a)e^V + ¯∂^ae^{−V} ∂_ae^V ) } . (3.10)

The action (3.10) is equivalent to the ten-dimensional SYM on flat space M_4 × T_{y=0}(S/R). The action for the ten-dimensional N = 1 supergravity-SYM theory in terms of fourdimensional superfields is not known yet. This would be the desired form to be used in order to demonstrate the occurrence of a geometrical mass term for the gaugino in the superfield language.

Note that in order to reduce the lagrangian (3.10) over a coset space S/R we need complex coordinates z^a, z^ā at least at the point y = 0. Also recall that the subgroup of SU(4) which leaves invariant one supersymmetry is SU(3). If we assume that the extra dimensions form a compact space, then the original SO(6) structure group of the frame bundle should be reducible to SU(3) [1, 8]. In order to determine the possible N = 1 reductions we have to select among the available coset spaces those which admit an SU(3)- structure. Then the original form of the lagrangian with the three chiral superfields will be kept in the process of dimensional reduction. For instance the chiral superfields correspond to (1, 0) 1-forms, the complex conjugate antichiral superfield corresponds to (0, 1) 1-forms. Then the (1, 0)+(0, 1)-form Φ = Φ_adz^a +Φ_ādz̄^ā corresponds to the decomposition 6 = 3+¯3 in the embedding SO(6) ⊃ SU(3) (See tables 1 and 2). Thus we are led to the known nonsymmetric coset spaces G_2/ SU(3), Sp(4)/(SU(2) × U(1))_{non.max}, SU(3)/ U(1) × U(1). The

– 6 –

S/R SO(6) vector SO(6) spinor G_2/ SU(3) 3 + 3 1 + 3 Sp(4)/(SU(2) × U(1))_{non−max} 1_2 + 1_{−2} + 2_1 + 2_{−1} 1_0 + 1_2 + 2_{−1} SU(3)/ U(1) × U(1) (a, c) + (b, d) + (a + b, c + d) (0, 0) + (a, c) + (b, d) +(−a, −c) + (−b, −d) +(−a − b, −c − d) +(−a − b, −c − d) Table 2: Six-dimensional non-symmetric cosets with rankS = rankR.

SU(3)-structure is defined through the invariant tensor f_{abc}. An SU(3)-structure cannot be defined for the symmetric coset spaces given that such an invariant tensor does not exist.

We could have reached to the same conclusions if we have examined the constraints in component form. In that case we would find that if the cosets are symmetric then the components of the original superfields belong to different representations of the gauge group and therefore no sign of the original supersymmetry would be left in four dimensions. In the case of non-symmetric cosets we would find a softly broken supersymmetric theory in four dimensions, i.e. although the reduction preserves a supersymmetric spectrum, the interactions that are introduced through the constraints break the supersymmetry softly.

In the superfield formalism the four-dimensional superfields depend on extra dimensions. From the four-dimensional point of view the extra dimensions can be considered as continuous parameters. From the internal space point of view the vector superfield is just a scalar function of the coordinates V (y), while the three chiral superfields constitute a 1-form Φ_a(y). This fact makes easy the formulation of the CSDR scheme using fourdimensional superfields in the case of non-symmetric coset spaces. Again we demand that the superfields should be invariant up to a gauge transformation when S acts on S/R. We denote by ξ^α_A, A = 1, . . . , dim S, the Killing vectors which generate the isometries S of S/R and by W_A we denote the compensating gauge tranformation which corresponds to ξ_A. We also define the infinitesimal motion δ_A ≡ L_{ξA} . (3.11)

Then the condition that an infinitesimal motion is compensated by a gauge transformation takes the following specific form when applied to the scalar V and to the 1-form Φ_a (both belonging to the adjoint representation of the multidimensional gauge group G)

δ_AV = ξ^α_A∂_αV = [W_A, V ] , (3.12) δ_AΦ_α = ξ^β_A∂_β Φ_α + ∂_αξ^β_AΦ_β

= ∂_αW_A − [W_A, Φ_α] . (3.13)

The W_A generally depend on the internal coordinates y. The conditions (3.12) and (3.13) must be covariant when Φ_α(y) and V (y) transform under a gauge tranfomation. We conclude that W transforms as

~W_A = gW_Ag^{−1} + (δ_Ag)g^{−1}. (3.14)

– 7 –

The variations δ_A, satisfy the condition [δ_A, δ_B ] = f^C_{AB} δ_C . This leads to another consistency condition on W , namely

ξ^α_A∂_αW_B − ξ^α_B∂_αW_A + [W_A, W_B ] = f^C_{AB} W_C . (3.15)

We note that at the origin, y = 0 the Killing vectors take the form

ξ^α_a = δ^α_a , ξ^α_i = 0 , (3.16)

which mark out the point y = 0 as the most suitable point for performing calculations. From eq. (3.14) we conclude that W_a can always become zero, while this is not true for W_i. Therefore eqs (3.12), (3.13) and (3.14) provide us the freedom to perform our calculations at y = 0 and to put W_a = 0. Under these assumptions eq. (3.15) gives

∂_aW_b − ∂_bW_a = f_{abi}W^i , (3.17) ∂_aW_i = 0 , (3.18) [W_i, W_j ] = f^k_{ij} W_k . (3.19)

The W_i’s are constant and equal to the generators of the R-subgroup of G. The W_i will be denoted by Φ_i, and therefore if â = (1, . . . , dim S), we will have Φ_â = (Φ_a, Φ_i) with a = (1, . . . , dim S/R). Next we will analyze the constraints (3.12) and (3.13). From eq. (3.12) we obtain at y = 0 ∂_aV = 0 , [W_i, V ] = 0 . (3.20) Eq. (3.20) shows that the four-dimensional vector superfield is independent of the coordinates of the coset space and belongs to the adjoint representation of the reduced gauge group H which is the subgroup of G commuting with R, i.e. H is the centralizer of the image of R in G.

In order to reduce the 1-form Φ_a we use eq. (3.13) and obtain at y = 0

∂_aΦ_b − 1 2 f^{c̄}_{ab}Φ_{c̄} = ∂_bΦ_a − 1 2 f^{c̄}_{ba}Φ_{c̄} , (3.21) and [W_i, Φ_a] = f^c_{ia} Φ_c . (3.22) Eq. (3.21) makes the chiral superfields non-propagating in the extra dimensions. Eq. (3.22) can be analyzed using Schur’s lemma [4, 5] providing the rules that determine the chiral superfields surviving from the reduction of Φ_a. The rules are the following. First we embed R in S and decompose the adjoint representation of S under R, S ⊃ R adj S = adj R + ∑ s_i. (3.23)

Then we embed R in G and decompose the adjoint of G under R × H, G ⊃ R_G × H adj G = (adj R, 1) + (1, adj H) + ∑ (r_i, h_i) . (3.24)

– 8 –

The rule is that when s_i = r_i , i.e. when there exist two identical representations of R in the decompositions (3.23) and (3.24), there is one h_i multiplet of chiral superfields surviving in four dimensions. If Q_{ax} are the generators of G belonging to the ∑ (r_i, h_i) part of the decomposition, i.e. a is an r_i index and x is an h_i index, then the unconstrained superfields are B^x with

Φ_a = B^xQ_{ax} . (3.25)

Next we reduce the action (3.10). The superpotential W is W = ϵ^{abc}Φ_a ( ∂_bΦ_c − 1 2 [Φ_b, Φ_c] ) (3.26)

and can be written in a more transparent form in order to use the CSDR constraints, as W = 1 2 ϵ^{abc}Φ_a(∂_bΦ_c − ∂_cΦ_b) − 1 2 ϵ^{abc}Φ_a[Φ_b, Φ_c] . (3.27)

Then using the constraints of CSDR we obtain

∂_bΦ_c = ∂_bW_c + 1 2 f_{bcd}Φ̄^d , (3.28)

and antisymmetrizing the indices bc we obtain

∂_bΦ_c − ∂_cΦ_b = ∂_cW_b − ∂_bW_c + f_{bcd}Φ̄^d . (3.29)

Next due to the constraint (3.17) we obtain,

∂_cW_b − ∂_bW_b = f_{bci}Φ̄^i (3.30)

and the superpotential (3.27) takes the form W = 1 2 Tr ( ϵ^{abc}Φ_a(f_{bcd̂}Φ̄^{d̂} − [Φ_b, Φ_c]) ) . (3.31)

Setting (M)^a_{b̂} ≡ ϵ^{abc}f_{b̂bc} we see that a non-holomorphic term

(M)^a_b Φ_aΦ̄^b (3.32)

has occurred in W, in the process of dimensional reduction, which breaks supersymmetry and provides the four-dimensional lagrangian with scalar mass soft terms. On the other hand, we identify as superpotential W of the four-dimensional theory the holomorphic part of the original superpotential, W W = − 1 2 Tr ( ϵ^{abc}Φ_a[Φ_b, Φ_c] ) . (3.33)

To determine the contribution of the term (3.32) we should compute MΦ̄Φ|_θ2 . Using the form of Φ in components,

Φ(x, y) = ϕ(x, y) + θ^2F (x, y) + · · · (3.34)

– 9 – and Φ̄ = ϕ^∗(x, y) + θ̄^2F^∗(x, y) + · · · , (3.35)

we conclude that MΦ̄Φ|_θ2 = MF ϕ^∗ .

From the equations of motion for F we obtain

F^∗ = − ( ∂W ∂ϕ ϕ + Mϕ^∗ ) . (3.36)

Then substituting F^∗, as given in eq. (3.36), in the lagrangian expressed in components and specifically in the terms 1 2 F^∗F + 1 2 ∂W ∂ϕ^∗ F^∗ + MF^∗ϕ

we obtain finally the familiar supersymmetric F -terms plus terms which break supersymmetry softly, i.e. | | | | ∂W ∂ϕ | | | 2 + M ∂W ∂ϕ ϕ + M^2ϕ^2 . (3.37)

Next we examine the interaction term

( ¯∂^a + Φ̄^a)e^{−V} (∂_a + Φ_a)e^V + ¯∂^ae^{−V} ∂_ae^V . (3.38)

We shall show how the usual kinetic term of N = 1 theories Tr (¯ Φe^{−V} Φ ) (3.39)

is obtained. In order to reduce the kinetic term we consider the relevant part of eq. (3.10) Tr (¯ Φ^ae^{−V} Φ_ae^V ) (3.40)

and write the components in the Wess-Zumino gauge

Φ̄^a ( 1 − V + 1 2 V^2 ) Φ_a ( 1 + V + 1 2 V^2 ) , (3.41)

where both the vector and chiral superfields belong to the adjoint representation of G

Φ_a = Φ^α_a T^α , V = V^αT^α . (3.42)

Then, taking into account the commutator [T^α, T^β] = g^{αβγ} T^γ , we find

Φ̄^aΦ_a − g_{αβγ}Φ̄^{aα}V^βΦ^γ_a + 1 2 g^ϵ_{αβ} g_{ϵγδ}Φ̄^{aα}V^βV^γ Φ^δ_a . (3.43)

When the representations of G are reduced in those of H, the structure constants g_{αβγ} of G are reduced accordingly to the structure constants of H. The kinetic term thus obtained is the familiar one, Tr Φ̄(e^{−V} )Φ . (3.44)

– 10 –

Let us see this point in some more detail. Initially we had chiral superfields Φ^α_a with a = 1, 2, 3 and α = 1 . . . dim G an index in the adjoint representation of the higherdimensional gauge group G. Through the reduction procedure we obtain Φ^α_a → Φ^x_â with â counting the number of the surviving generations; it depends on the non-symmetric coset over which we reduce the theory. Specifically â = 1 if we reduce the theory over G_2/ SU(3), â = 1, 2 if we reduce the theory over Sp(4)/(SU(2)×U(1))_{non.max} and â = 1, 2, 3 if we reduce the theory over SU(3)/ U(1)×U(1) [10]. The index x denotes the H-representation in which the surviving chiral superfields belong. We will further denote the adjoint of the reduced gauge group H with an index i. Therefore the reduction can be represented as

Φ^{aα}(f^γ )^β_αV^γ Φ_{aβ} → Φ^{âx}(f^i)^y_xV^iΦ_{ây} .

A final remark concerning the dimensional reduction described in the present section is the following. According to the rules of the reduction obtained from the constraints we have to embed R in G. In turn the embedding determines the four-dimensional gauge group H as being the centralizer of R in G, i.e. H = C_G(R). A second role of this embedding, or more accurately of identifying R with a subgroup of G, is that it provides a non-trivial background configuration which could result in obtaining chiral fermions in four dimensions. The index of the Dirac operator is a topological invariant depending only on the coset space and the background gauge fields [5, 19].

Usually one considers a simple background configuration and the chirality index is related with the Euler characteristic of a given coset space [18, 19, 5] (see however [20]). The point we would like to stress here is that, in principle, one could consider background configurations with non-trivial winding number. This offers the possibility to obtain more fermion families in four dimensions, a fact particularly useful when one considers reduction over coset spaces which are multiply connected.

Multiply connected spaces in the present framework can result by moding out a freely acting discrete group from a coset space and can be used to break the gauge group using the so called Wilson flux or Hosotani mechanism [21, 22, 5]. Therefore, what we should do in order to use the possibility offered by considering a background configuration with winding number n is to perform a large gauge transformation, which will take us from one vacuum to another with different winding number, followed by a small gauge transformation which will compensate the change of field in higher dimensions as was described in the present section. The first gauge transformation will provide the necessary chiral fermion multiplicity and the latter the geometrical breaking of the gauge group G down to H in four dimensions.

4. A three generation softly broken supesymmetric example:

reduction of the G = E_8 over SU(3)/(U(1) × U(1)).

In this section, making use of the reduction in the superfield formalism developed in section 3, we present explicitly the reduction of a G = E_8 SYM theory over the coset SU(3)/(U(1) × U(1)). This reduction has been carried out in components in ref. [10]. The decomposition to be used is E_8 ⊃ U(1) × U(1) × E_6 .

– 11 –

The 248 representation of E_8 is decomposed under U(1) × U(1) × E_6 as

248 = 1_{(0,0)} + 1_{(0,0)} + 1_{(3,} 1_{2 )} + 1_{(−3,} 1_{2 )} + 1_{(0,−1)} + 1_{(0,1)} + 1_{(−3,−} 1_{2 )} + 1_{(3,−} 1_{2 )} + +78_{(0,0)} + 27_{(3,} 1_{2 )} + 27_{(−3,} 1_{2 )} + 27_{(0,−1)} + 27_{(−3,−} 1_{2 )} + 27_{(3,−} 1_{2 )} + 27_{(0,1)} . (4.1)

In the present case R is chosen to be identified with the U(1) × U(1) of the decomposition (4.1). Therefore the resulting four-dimensional gauge group, according to the rule stated in eq. (3.20), is

H = C_{E8} (U(1) × U(1)) = U(1) × U(1) × E_6 ,

i.e. we find that the surviving fields in four dimensions are three N = 1 vector multiplets V^α, V_{(1)}, V_{(2)}, (where α is an E_6, 78 index and the other two refer to the two U(1)^′s) containing the gauge fields of U(1) × U(1) × E_6, i.e. the original vector superfield V^A (where A a 248 index of E_8) gives V^α, V_{(1)}, V_{(2)}.

The R = U(1) × U(1) content of SU(3)/ U(1) × U(1) vector is according to table 2, ( 3, 1 2 ) + ( − 3, 1 2 ) + (0, −1) + ( − 3, − 1 2 ) + ( 3, − 1 2 ) + (0, 1) .

Next we apply the solutions given in eqs. (3.23), (3.24) on the surviving chiral superfields of the constraint (3.22) and we find the following answer. The matter content of the fourdimensional theory consists of three N = 1 chiral multiplets (A^i, B^i, C^i) with i an E_6, 27 index and three N = 1 chiral multiplets (A, B, C) which are E_6 singlets and carry U(1) × U(1) charges i.e. the original chiral superfields Φ^A_a (where A is a 248 index of E_8 as before and a = 1, 2, 3) give (A^i, B^i, C^i A, B, C).

To understand the above result in detail we examine further the decomposition of the adjoint of the specific S = SU(3) under R = U(1) × U(1), i.e.

SU(3) ⊃ U(1) × U(1)

8 = (0, 0) + (0, 0) + ( 3, 1 2 ) + ( − 3, 1 2 ) + +(0, −1) + ( − 3, − 1 2 ) + ( 3, − 1 2 ) + (0, 1) . (4.2)

Then according to the decomposition (4.2) the generators of SU(3) can be grouped as

Q_{SU(3)} = {Q_0, Q^′_0, Q_1, Q_2, Q_3, Q^1, Q^2, Q^3} . (4.3)

(The non trivial commutator relations of SU(3) generators (4.3) are given in table 3). The decomposition (4.3) suggests to introduce the following notation for the four-dimensional constrained chiral superfields

(Φ_1, Φ^1, Φ_2, Φ^2, Φ_3, Φ^3) , (4.4)

with Φ^a ≡ Φ̄^a = (Φ_a)^†, a = 1, 2, 3.

– 12 –

[Q_1, Q_0] = √ 3Q_1

[Q_2, Q^′_0] = Q_2 [ Q_1, Q^1 ] = − √ 3Q_0 − Q^′_0

[Q_1, Q_2] = √ 2Q^3

[Q_1, Q^′_0] = Q_1

[Q_3, Q_0] = 0 [ Q_2, Q^2 ] = √ 3Q_0 − Q^′_0

[Q_2, Q_3] = √ 2Q^1

[Q_2, Q_0] = − √ 3Q_2

[Q_3, Q^′_0] = −2Q_3 [ Q_3, Q^3 ] = 2Q^′_0

[Q_3, Q_1] = √ 2Q^2

Table 3: Non-trivial commutation relations of SU(3) according to the decomposition given in

eq.(4.3).

[Q_1, Q_0] = √ 30Q_1 [Q_1, Q^′_0] = √ 10Q_1 [Q_2, Q_0] = − √ 30Q_2

[Q_2, Q^′_0] = √ 10Q_2 [Q_3, Q_0] = 0 [Q_3, Q^′_0] = −2 √ 10Q_3

[Q_1, Q^1] = − √ 30Q_0 − √ 10Q^′_0 [Q_2, Q^2] = √ 30Q_0 − √ 10Q^′_0 [Q_3, Q^3] = 2 √ 10Q^′_0

[Q_1, Q_2] = √ 20Q^3 [Q_2, Q_3] = √ 20Q^1 [Q_3, Q_1] = √ 20Q^2

[Q_{1i}, Q_0] = √ 30Q_{1i} [Q_{1i}, Q^′_0] = √ 10Q_{1i} [Q_{2i}, Q_0] = − √ 30Q_{2i}

[Q_{2i}, Q^′_0] = √ 10Q_{2i} [Q_{3i}, Q_0] = 0 [Q_{3i}, Q^′_0] = −2 √ 10Q_{3i}

[Q_{1i}, Q_{2j} ] = √ 20d_{ijk}Q^{3k} [Q_{2i}, Q_{3j} ] = √ 20d_{ijk}Q^{1k} [Q_{3i}, Q_{1j} ] = √ 20d_{ijk}Q^{2k} [Q^α, Q^β] = 2ig^{αβγ} Q^γ [Q^α, Q_0] = 0 [Q^α, Q^′_0] = 0

[Q^α, Q_{1i}] = −(G^α)^j_i Q_{1j} [Q^α, Q_{2i}] = −(G^α)^j_i Q_{2j} [Q^α, Q_{3i}] = −(G^α)^j_i Q_{3j}

Table 4: Non-trivial commutation relations of E_8 according to the decomposition given by eq. (4.5).

[Q_{1i}, Q^{1j} ] = − 1 6 (G^α)^j_i Q^α − √ 30δ^j_i Q_0 − √ 10δ^j_i Q^′_0

[Q_{2i}, Q^{2j} ] = − 1 6 (G^α)^j_i Q^α + √ 30δ^j_i Q_0 − √ 10δ^j_i Q^′_0

[Q_{3i}, Q^{3j} ] = − 1 6 (G^α)^j_i Q^α + 2 √ 10δ^j_i Q^′_0

Table 5: Further non-trivial commutation relations of E_8 according to the decomposition given in

eq. (4.5).

Next we examine the commutation relations of E_8 under the decomposition (4.1).

Under this decomposition the generators of E_8 can be grouped as

Q_{E8} = {Q_0, Q^′_0, Q_1, Q_2, Q_3, Q^1, Q^2, Q^3, Q^α, Q_{1i}, Q_{2i}, Q_{3i}, Q^{1i}, Q^{2i}, Q^{3i}} , (4.5)

where, α = 1, . . . , 78 and i = 1, . . . , 27. The non-trivial commutation relations of the E_8

generators (4.5) are given in tables 4 and 5. Now the constraints (3.22) of the reduction

scheme on the superfields given in (4.4) can be expressed as

[Φ_1, ΛQ_0] = √ 3Φ_1 , [Φ_1, Λ^′Q^′_0] = Φ_1 ,

[Φ_2, ΛQ_0] = − √ 3Φ_2 , [Φ_2, Λ^′Q^′_0] = Φ_2 ,

[Φ_3, ΛQ_0] = 0 , [Φ_3, Λ^′Q^′_0] = −2Φ_3 . (4.6)

Then the solutions of the constraints (4.6) in terms of the genuine four-dimensional chiral

superfields and of the E_8 generators (4.5), corresponding to the embedding (4.1) of R =

U(1) × U(1) in the E_8, are

Φ_1 = R_1A^iQ_{1i} + R_1AQ_1 ,

– 13 –

Φ_2 = R_2B^iQ_{2i} + R_2BQ_2 , Φ_3 = R_3C^iQ_{3i} + R_3CQ_3 , (4.7)

with Λ = Λ^′ = 1/ √ 10. Moreover the unconstrained chiral superfields transform under E_6 × U(1) × U(1) as A_i ∼ 27_{(3,} 1_{2 )} , A ∼ 1_{(3,} 1_{2 )} , B_i ∼ 27_{(−3,} 1_{2 )} , B ∼ 1_{(−3,} 1_{2 )} , C_i ∼ 27_{(0,−1)} , C ∼ 1_{(0,−1)} . (4.8)

In terms of the unconstrained superfields the superpotential (3.33) takes the form W (A^i, B^j, C^k, A, B, C) = √ 40d_{ijk}A^iB^jC^k + √ 40ABC . (4.9)

In addition the trilinear and mass terms which break supersymmetry softly can be read from the two last terms in eq. (3.37) and are given by

L_{scalar SSB} = ( 4R^2_1 R^2R^2_3 − 8 R^2_1 ) α^iα_i + ( 4R^2_1 R^2R^2_3 − 8 R^2_1 ) αα + ( 4R^2 R^2_1R^2_3 − 8 R^2 ) β^iβ_i + + ( 4R^2 R^2_1R^2_3 − 8 R^2 ) ββ + ( 4R^2_3 R^2_1R^2 − 8 R^2_3 ) γ^iγ_i + ( 4R^2_3 R^2_1R^2 − 8 R^2_3 ) γγ + + [√ 2 80 ( R_1 R_2R_3 + R_2 R_1R_3 + R_3 R_2R_1 ) d_{ijk}α^iβ^j γ^k + + √ 280 ( R_1 R_2R_3 + R_2 R_1R_3 + R_3 R_2R_1 ) αβγ + h.c ] , (4.10)

where α^i etc are the scalar components of the corresponding superfields. The superpotential (4.9), the D-terms and the scalar soft supersymmetry terms given in eq. (4.10) provide the four-dimensional theory with a potential as follows

V (α^i, α, β^i, β, γ^i, γ) = const. + ( 4R^2_1 R^2R^2_3 − 8 R^2_1 ) α^iα_i + ( 4R^2_1 R^2R^2_3 − 8 R^2_1 ) αα + + ( 4R^2 R^2_1R^2_3 − 8 R^2 ) β^iβ_i + ( 4R^2 R^2_1R^2_3 − 8 R^2 ) ββ + + ( 4R^2_3 R^2_1R^2 − 8 R^2_3 ) γ^iγ_i + ( 4R^2_3 R^2_1R^2 − 8 R^2_3 ) γγ + + [√ 280 ( R_1 R_2R_3 + R_2 R_1R_3 + R_3 R_2R_1 ) d_{ijk}α^iβ^jγ^k + + √ 2 80 ( R_1 R_2R_3 + R_2 R_1R_3 + R_3 R_2R_1 ) αβγ + h.c ] + + 1 6 ( α^i(G^α)^j_i α_j + β^i(G^α)^j_i β_j + γ^i(G^α)^j_i γ_j

)_2 + + 10 6 ( α^i(3δ^j_i )α_j + α(3)α + β^i(−3δ^j_i )β_j + β(−3)β

)_2 + + 40 6 ( α^i ( 1 2 δ^j_i ) α_j + α ( 1 2 ) α + β^i ( 1 2 δ^j_i ) β_j + β ( 1 2 ) β +

– 14 –

+ γ^i(−1δ^j_i )γ_j + γ(−1)γ

)_2 + 40α^iβ^j d_{ijk}d^{klm}α_lβ_m + +40β^iγ^j d_{ijk}d^{klm}β_lγ_m + 40α^iγ^j d_{ijk}d^{klm}α_lγ_m + +40(αβ)(αβ) + 40(βγ)(βγ) + 40(γα)(γα) . (4.11)

Note that the potential (4.11) belongs to the case that S has an image in G. Here S = SU(3) has an image in G = E_8 and therefore we conclude that the minimum of the potential is zero and the four-dimensional gauge group is E_6 [5]. To break this gauge group further we should employ the Wilson flux mechanism and study the potential (4.11). Given that the Euler number of the coset space SU(3)/ U(1)×U(1) is 6, therefore leading to three families in fourdimensions, the use of Wilson flux mechanism requires the introduction of a background configuration with non-trivial winding number appropriate to keep unchanged the number of families. We plan to discuss the details and the phenomenological consequences of such construction in a forthcoming publication.

The normalization of generators in the above table is

Tr(Q_0Q_0) = Tr(Q^′_0Q^′_0) = Tr(Q_1Q^1) = Tr(Q_2Q^2) = Tr(Q_3Q^3) = 2 .

The normalization of the generators in tables 4, 5 is

Tr(Q_0Q_0) = Tr(Q^′_0Q^′_0) = Tr(Q_1Q^1) = Tr(Q_2Q^2) = Tr(Q_3Q^3) = 2 . Tr(Q_{1i}Q^{1j} ) = Tr(Q_{2i}Q^{2j}) = Tr(Q_{3i}Q^{3j} ) = 2δ^j_i , Tr(Q^αQ^β) = 12δ^{αβ} .

5. A three generation non-supersymmetric example:

reduction of the G = E_8 over B = CP^2 × S^2

In the present section we would like to present an interesting three family model in which the original higher-dimensional supersymmetry disappears completely in the process of dimensional reduction. This is the case when we reduce a SYM on symmetric coset spaces. Then the organization of the ten-dimensional lagrangian in terms of four-dimensional superfields is not possible and the reduction must be carried out in the components. The rules are stated separately for bosons and fermions and the surviving four-dimensional fields belong to different representations of the four-dimensional gauge group H. Following refs [4, 5, 7, 10] in the next paragraphs we summarize the results.

To find the four-dimensional gauge group we embed R in G G ⊃ R_G × H , H = C_G(R_G) . (5.1)

Then H, the centralizer of the image of R in G, is the four-dimensional gauge group.

The scalar fields that are obtained from the higher components of the vector field are obtained as follows. First we embed R in S and decompose the adjoint of S under R S ⊃ R adj S = adj R + ∑ s_i . (5.2)

– 15 –

Then we embed R in G and decompose the adjoint of G under R × H, G ⊃ R_G × H adj G = (adj R, 1) + (1, adj H) + ∑ (r_i, h_i) . (5.3)

The rule is that when s_i = r_i ,

i.e. when we have two identical representation of R in the decompositions (3.23), (3.24) there is an h_i multiplet of scalar fields that survives in four dimensions.

To find the representation of H under which the four-dimensional fermions transform, we have to decompose the representation F of G to which the fermions belong, under R_G × H, i.e. F = ∑ (t_i, h_i) , (5.4)

and the spinor of SO(d) under R σ_d = ∑ σ_j . (5.5)

Then for each pair t_i and σ_i, where t_i and σ_i are identical irreducible representations, survives an h_i multiplet of spinor fields in the four-dimensional theory. In our case we have F = adj G.

Next let us discuss a specific model which appears to be of particular interest. Specifically we choose a ten-dimensional SYM theory based on G = E_8 which we reduce over the coset space S/R = CP^2 × S^2 = (SU(3)/ SU(2) × U(1)) × (SU(2)/ U(1)). The embedding of R = SU(2) × U(1) × U(1) in E_8 is given by the decomposition

E_8 ⊃ SU(2) × U(1) × U(1) × SO(10) 248 = (1, 45)_{(0,0)} + (3, 1)_{(0,0)} + (1, 1)_{(0,0)} + (1, 1)_{(0,0)} + (1, 1)_{(2,0)} + (1, 1)_{(−2,0)} +(2, 1)_{(1,2)} + (2, 1)_{(−1,2)} + (2, 1)_{(−1,−2)} + (2, 1)_{(1,−2)} + (1, 10)_{(0,2)} + +(1, 10)_{(0,−2)} + (2, 10)_{(1,0)} + (2, 10)_{(−1,0)} + (2, 16)_{(0,1)} + (1, 16)_{(1,−1)} + +(1, 16)_{(−1,−1)} + (2, 16)_{(0,−1)} + (1, 16)_{(−1,1)} + (1, 16)_{(1,1)} , (5.6)

where the R = SU(2) × U(1) × U(1) is identified with the one appearing in the following decomposition of maximal subgroups

SO(6) ⊃ SU(2) × SU(2) × U(1) ⊃ SU(2) × U(1) × U(1)

and the SU(2) × SU(2) × U(1) in E_8 is the maximal subgroup of SO(6) appearing in the decomposition

E_8 ⊃ SO(6) × SO(10) 248 = (15, 1) + (1, 45) + (6, 10) + (4, 16) + (4, 16) . (5.7)

We find that the four-dimensional gauge group is H = C_{E8} (SU(2) × U(1) × U(1)) = SO(10) × U(1) × U(1). The vector and spinor content under R of the specific coset can

– 16 –

[Q_ρ, Q_σ] = 2iϵ_{ρστ} Q_τ [Q_ρ, Q_{(+)a}] = (τ_ρ)^b_aQ_{(+)b}

[Q_0, Q_{(+)a}] = Q_{(+)a} [Q_{(+)a}, Q_{(−)b}] = (τ_ρ)_{b a}Q_ρ + δ_{a b}Q_0 Table 6: Non-trivial commutation relations of SU(3).

be found in table 1. Choosing a = b = 1 we find that the scalar fields of the fourdimensional theory transform as 10_{(0,2)}, 10_{(0,−2)}, 10_{(1,0)}, 10_{(−1,0)} under H. Also, we find that the fermions of the four-dimensional theory are the following left-handed multiplets of H: 16_{(−1,−1)}, 16_{(1,−1)}, 16_{(0,1)}.

To determine the potential we examine further the decomposition of the adjoint of S = SU(3) × SU(2) under R = SU(2) × U(1) × U(1) The specific coset has the direct product structure SU(3) SU(2) × U(1) × SU(2) U(1) and the embeddings are SU(3) ⊃ SU(2) × U(1) and SU(2) ⊃ U(1)

The relevant decompositions of the adjoint of SU(3) and SU(2) are respectively

8 = 1_0 + 3_0 + 2_1 + 2_{−1} 3 = (0) + (2) + (−2) (5.8)

The decomposition of the generators of SU(3) and SU(2) are

Q_0, Q_ρ, Q_{(+)a}, Q_{(−)a} (5.9) and Q^′_0, Q_{(+)}, Q_{(−)} (5.10)

respectively. The commutation relations of SU(2) are [ Q_{(+)}, Q_{(−)} ] = 2Q^′_0 , [ Q^′_0, Q_{(±)} ] = ±2Q_{(±)} (5.11)

with the normalization Tr(Q_{(+)}Q_{(−)}) = Tr(Q^{′2}_0 ) = 2, while the commutation relations of SU(3) are given in table 6.

The normalization of the generators in table 6 is

Tr(Q_ρQ_σ) = 2δ^{ρ σ} , Tr(Q_{(+)a}Q_{(−)b}) = 2δ_{a b} , Tr(Q^2_0) = 2 .

According to the decompositions (5.9) and (5.10), we denote the constrained scalar fields by

ϕ_{(+)}, ϕ_{(−)}, ϕ_{(+)a}, ϕ_{(−)a} (5.12)

– 17 – and then the constraints to be solved become [ ϕ^′_{(0)}, ϕ_{(±)} ] = ±2ϕ_{(±)} , [ ϕ_{(0)}, ϕ_{(±)a} ] = ±ϕ_{(±)a} , [ ϕ_ρ, ϕ_{(±)a} ] = ±(τ_ρ)^b_aϕ_{(±)b} . (5.13)

We find that the potential of any ten-dimensional theory reduced over CP^2 × S^2 written in terms of the fields (5.12) takes the form V = ( 4(Λ̄^2 + Λ^2) R^2_1 + 4Λ^{′2} R^2 ) − 1 2R^4_1

(τ_ρ)^{ab} Tr ϕ_ρ[ϕ_{(+)a}, ϕ_{(−)b}] − 1 2R^4_1 δ^a_b Tr ϕ_{(0)}[ϕ_{(+)a}, ϕ_{(−)b}]+ + 1 4R^4_1 Tr ( [ϕ_{(+)a}, ϕ_{(+)b}][ϕ_{(−)a}, ϕ_{(−)b}] + [ϕ_{(−)a}, ϕ_{(+)b}][ϕ_{(+)a}, ϕ_{(−)b}] ) − − 2 R^4_2

Tr ϕ^′_{(0)}[ϕ_{(+)}, ϕ_{(+)}] + 1 2R^4_2 Tr ( [ϕ_{(+)}, ϕ_{(−)}]^2 ) , (5.14)

where R_1 and R_2 are the coset space radii corresponding to the factors CP^2 and S^2 respectively.

To proceed in determining the four-dimensional potential of our specific example with G = E_8, we use the embedding (5.6) of SU(2) × U(1) × U(1) in E_8 and divide its generators accordingly,

Q_{E8} = { G^{αβ} , G^ρ, G, G^′, G_{(+)}, G_{(−)}, K_{(+)a}, K_{(−)a}, J_{(+)a}, J_{(−)a}, Q_{(+)i}, Q_{(−)i}, Q_{(+)ai}, Q_{(−)ai}, F_{(+)m}, F̄^m_{(−)}, H_{(+)m}, H̄^m_{(−)}, F_{(+)am}, F̄^m_{(−)a} } , (5.15)

with the indices αβ, i and m belong to the 45, 10 and 16 of SO(10), while ρ and a to the 3 and 2 of SU(2) respectively. The non-trivial commutation relations of the generators (5.15) are given in tables 6 and 7.

The normalization of the generators in tables 6 and 7 is

Tr G^{αβ} G_{γδ} = 12δ^α_γ δ^β_δ ,

Tr G^{ρσ} = 2δ^{ρσ} , Tr G_{(+)}G_{(−)} = Tr G^2 = Tr G^{′2} = 2 , Tr K_{(+)a}K_{(−)b} = 2δ_{ab} , Tr Q_{(+)i}Q_{(−)j} = 2δ_{ij} , Tr Q_{(+)ai}Q_{(−)bj} = 2δ_{ab}δ_{ij} , Tr F_{(+)m}F^n_{(−)} = 2δ^n_m , Tr H_{(+)m}H^n_{(−)} = 2δ^n_m , Tr F_{(+)am}F^n_{(−)b} = 2δ_{ab}δ^n_m .

– 18 –

[G^{αβ} , G] = 0 [G^{αβ} , G^′] = 0 [G^{αβ} , Q_{(+)i}] = (G^{αβ} )^j_i Q_{(+)j} [G^{αβ} , Q_{(+)ai}] = (G^{αβ} )^j_i Q_{(+)aj} [G^{αβ} , F_{(+)m}] = (G^{αβ} )^n_mF_{(+)n} [G^{αβ} , H_{(+)m}] = (G^{αβ} )^n_mH_{(+)n} [G^{αβ} , F_{(+)am}] = (G^{αβ} )^n_mF_{(+)an}

[G^ρ, G^σ ] = 2iϵ^{ρστ} G^τ [G^ρ, G] = 0 [G^ρ, G^′] = 0 [G^ρ, K_{(+)a}] = (τ^ρ)^b_aK_{(+)b} [G^ρ, J_{(+)a}] = (τ^ρ)^b_aJ_{(+)b} [G^ρ, Q_{(+)ai}] = (τ^ρ)^b_aQ_{(+)bi} [G^ρ, F_{(+)am}] = (τ^ρ)^b_aF_{(+)bm} [Q_{(+)i}, Q_{(+)aj} ] =^1_2 δ_{ij} K_{(+)a} [Q_{(+)i}, Q_{(−)aj} ] =^1_2 δ_{ij} J_{(+)a} [Q_{(+)ai}, Q_{(+)bj} ] = 0 [Q_{(+)i}, F_{(+)m}] = C_{imn}H̄^n_{(−)} [Q_{(+)i}, H_{(+)m}] = −C_{imn}F̄^n_{(−)} [Q_{(+)i}, F̄^m_{(−)b}] = 0 [Q_{(+)ai}, H_{(+)m}] = C_{imn}F̄^n_{(−)a} [Q_{(+)ai}, F_{(+)bn}] = −δ_{ab}C_{imn}H̄^n_{(−)} [Q_{(−)ai}, F_{(+)m}] = C_{imn}F̄^n_{(−)a} [Q_{(−)ai}, F_{(+)bm}] = −δ_{ab}C_{imn}F̄^n_{(−)} [F_{(+)m}, H_{(+)n}] = C^i_{mn}Q_{(−)i} [F_{(+)m}, F_{(+)an}] = C^i_{mn}Q_{(+)ai} [H_{(+)m}, F_{(+)an}] = C^i_{mn}Q_{(−)ai} [F_{(+)am}, F_{(+)bn}] = 0

[F_{(+)m}, H̄^n_{(−)}] = δ^n_mG_{(+)} [F_{(+)m}, F̄^n_{(−)a}] = 0 [H_{(+)m}, F̄^n_{(−)}] = δ^n_mG_{(−)} [H_{(+)m}, F̄^n_{(−)a}] = 0 [F_{(+)am}, F̄^n_{(−)}] = 0 [F_{(+)am}, F̄^n_{(−)b}] = 0 [G^{(′ )}, G_{(+)}] = 0 [G^{(′ )}, K_{(+)a}] = 3K_{(+)a} [G^{(′ )}, J_{(+)a}] = 3J_{(+)a} [G^{(′ )}, Q_{(+)i}] = 2Q_{(+)i} [G^{(′)}, Q_{(+)ai}] = Q_{(+)ai} [G^{(′ )}, F_{(+)m}] = −F_{(+)m} [G^{(′)}, H_{(+)m}] = −H_{(+)m} [G^{(′ )}, F_{(+)am}] = −F_{(+)am} [G_{(+)}, G_{(−)}] = 0 [G_{(+)}, J_{(+)a}] = K_{(+)a} [G_{(+)}, K_{(−)a}] = −J_{(−)a} [G_{(+)}, Q_{(−)ai}] = 0 [G_{(+)}, H_{(+)m}] = F_{(+)m} [G_{(+)}, F̄^m_{(−)}] = −H̄^m_{(−)} [K_{(+)a}, J_{(−)b}] = −δ_{ab}G_{(+)} [K_{(+)a}, Q_{(−)i}] =^1_2 Q_{(+)ai} [K_{(+)a}, Q_{(−)bj} ] =^1_2 δ_{ab}Q_{(+)j} [J_{(+)a}, Q_{(−)j} ] =^1_2 Q_{(−)ai} [J_{(+)a}, Q_{(+)bj} ] =^1_2 δ_{ab}Q_{(+)j} [K_{(+)a}, F̄^m_{(−)b}] = 0 [K_{(+)a}, H_{(+)m}] = 0 [J_{(+)}, F_{(+)m}] = 0 [J_{(+)a}, F̄^m_{(−)b}] = 0 [G, G^′] = 0

Table 7: Non-trivial commutation relations of E_8 according the decomposition given by eq. (5.6).

[Q_{(+)i}, Q_{(−)j} ] =^1_6 (G^{αβ} )_{ij}G^{αβ} + 2δ_{ij} G + 2δ_{ij} G^′ [Q_{(+)ai}, Q_{(−)bj} ] =^1_6 δ_{ab}(G^{αβ} )_{ij} G^{αβ} + δ_{ij} (τ^ρ)_{ab}G^ρ + δ_{ij} G + δ_{ij} G^′ [F_{(+)m}, F̄^n_{(−)}] =^1_6 (G^{αβ} )^n_mG^{αβ} − δ^n_mG − δ^n_mG^′ [H_{(+)m}, H̄^n_{(−)}] =^1_6 (G^{αβ} )^n_mG^{αβ} − δ^n_mG − δ^n_mG^′ [F_{(+)am}, F̄^n_{(−)b}] =^1_6 δ_{ab}(G^{αβ} )^n_mG^{αβ} + (τ^ρ)_{ab}δ^n_mG^ρ − δ_{ab}δ^n_mG − δ_{ab}δ^n_mG^′ [K_{(+)a}, K_{(−)b}] = (τ^ρ)_{ab}G^ρ + 3δ_{ab}G + 3δ_{ab}G^′ [J_{(+)a}, J_{(−)b}] = (τ^ρ)_{ab}G^ρ + 3δ_{ab}G + 3δ_{ab}G^′ [G^{αγ} , G^{βδ} ] = 2i(G^{αδ} δ^{γβ} − G^{γδ} δ^{αβ} + G^{γβ} δ^{αδ} ) Table 8: Further commutation relations of E_8 according to the dcomposition given by eq. (5.6).

The solution of the constraints (5.13) which will provide us with the genuine fourdimensional scalar fields is given by

ϕ^′_{(0)} = Λ^′G^′, ϕ_{(0)} = ΛG, ϕ_ρ = Λ̄G_ρ , ϕ_{(+)} = R_1φ^iQ_{(+)i}, ϕ_{(−)} = R_1φ̄^iQ_{(−)i}, ϕ_{(+)a} = σ^iQ_{(+)ai}, ϕ_{(−)a} = σ̄^iQ_{(−)ai} , (5.16)

– 19 – with Λ = Λ^′ = Λ̄ = 1. Eventually the potential (5.14) written in terms of the scalar fields (5.16) takes the form V = ( 8 R^4_1 + 4 R^4_2 ) − 4 R^2_1

(σ^iσ̄_i) − 8 R^2

(φ^iφ̄_i) + 19 3 (φ^iφ̄_i)^2 + + 16 3 (σ^iσ̄_i)^2 + 1 3 (φ̄_iφ̄_i)(φ^j φ^j ) + 1 3 (σ̄_iσ̄_i)(σ^j σ^j ) . (5.17)

In order to examine further the present model we should employ again the flux mechanism and study the minimization of the potential (5.17). To keep unchanged the number of families background gauge configurations with non-trivial winding number are required as in the example discussed in section 4.

6. Conclusions

In the present work we have presented the details of the dimensional reduction of general ten-dimensional N = 1 supersymmetric theories over coset spaces using the superfield formulation of the theory.

In this way we have extended and generalized our previous results concerning the supersymmetry breaking of ten-dimensional theories in the process of dimensional reduction found using the components formalism and a case by case study. Specifically we have shown that N = 1, ten dimensional supersymmetric YM theories lead in four dimensions, after reduction over coset spaces, either to a softly broken N = 1 supersymmetric theory if the cosets used are non-symmetric or to a non-supersymmetric theory if the cosets used are symmetric.

We have also presented two very interesting three family models resulting from a N = 1 supersymmetric E_8 gauge theory in ten dimensions. The first one was reduced over the non-symmetric coset space SU(3)/ U(1) × U(1) and led in four dimensions to a softly broken N = 1 gauge theory based on E_6-type gauge group. This model has been examined earlier using the components formalism and was reexamined here using superfields. The second model concerns the reduction of the same N = 1, ten-dimensional E_8 gauge theory over the symmetric coset space CP^2 × S^2. The resulting four-dimensional gauge theory is non-supersymmetric and is based on a SO(10)-type gauge group. The details of this dimensional reduction are presented for the first time.

Finally we have pointed out how the above very interesting three family models at the GUT scale can be broken further using the Wilson flux mechanism, while keeping the multiplicity of chiral fermions. We plan to discuss the details of the phenomenological analysis of both models in a future publication.

Acknowledgments

We would like to thank A. Sagnotti and A. Pomarol for discussions and in particular P. Forgacs for extensive discussions and reading the manuscript. The work of PM is supported by a “ΠYΘAΓOPAΣ” postdoctoral fellowship and partially by the NTUA programme

– 20 – for fundamental research “ΘAΛHΣ”. The work of GZ is partially supported by the programmes of Ministry of Education “ΠYΘAΓOPAΣ” and “HPAKΛEITOΣ” and by the NTUA programme “ΘAΛHΣ”.

References

[1] See e.g. J. Polchinski, String theory, vol. 2: Superstring theory and beyond, Cambridge University Press, Cambridge 1998.

[2] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large-N field theories, string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111].

[3] L. Alvarez-Gaumé and S.F. Hassan, Introduction to s-duality in N = 2 supersymmetric gauge theories: a pedagogical review of the work of Seiberg and Witten, Fortschr. Phys. 45 (1997) 159 [hep-th/9701069].

[4] P. Forgacs and N. S. Manton, Space-time symmetries in gauge theories, Commun. Math.

Phys. 72 (1980) 15.

[5] F.A. Bais, K.J. Barnes, P. Forgacs and G. Zoupanos, Dimensional reduction of gauge theories yielding unified models spontaneously broken to SU(3) × U(1), Nucl. Phys. B 263 (1986) 557.

[6] Y. Kubyshin, J.M. Mourao, G. Rudolph and I.P. Volobujev, Dimensional reduction of gauge theories, spontaneous compactification and model building, Springer Verlag, Berlin 1989.

[7] N.S. Manton, Fermions and parity violation in dimensional reduction schemes, Nucl. Phys. B 193 (1981) 502.

[8] M.B. Green, J.H. Schwarz and E. Witten, Superstring theory, vol. 2: Loop amplitudes, anomalies and phenomenology, Cambridge University Press, Cambridge 1987; D. Luest and S. Theisen, Lectures on string theory, Springer-Verlag, Berlin 1989.

[9] G. Chapline and R. Slansky, Dimensional reduction and flavor chirality, Nucl. Phys. B 209 (1982) 461.

[10] P. Manousselis and G. Zoupanos, Dimensional reduction over coset spaces and supersymmetry breaking, J. High Energy Phys. 03 (2002) 002 [hep-ph/0111125]; P. Manousselis and G. Zoupanos, Soft supersymmetry breaking due to dimensional reduction over non-symmetric coset spaces, Phys. Lett. B 518 (2001) 171 [hep-ph/0106033]; P. Manousselis and G. Zoupanos, Supersymmetry breaking by dimensional reduction over coset spaces, Phys. Lett. B 504 (2001) 122 [hep-ph/0010141].

[11] N. Marcus, A. Sagnotti and W. Siegel, Ten-dimensional supersymmetric Yang-Mills theory in terms of four-dimensional superfields, Nucl. Phys. B 224 (1983) 159.

[12] N. Arkani-Hamed, T. Gregoire and J. Wacker, Higher dimensional supersymmetry in 4d superspace, J. High Energy Phys. 03 (2002) 055 [hep-th/0101233].

[13] D. Marti and A. Pomarol, Supersymmetric theories with compact extra dimensions in N = 1 superfields, Phys. Rev. D 64 (2001) 105025 [hep-th/0106256].

[14] M.T. Grisaru, W. Siegel and M. Roček, Improved methods for supergraphs, Nucl. Phys. B 159 (1979) 429.

[15] P. Fayet, Spontaneous generation of massive multiplets and central charges in extended supersymmetric theories, Nucl. Phys. B 149 (1979) 137.

– 21 –

[16] L. Brink, J.H. Schwarz and J. Scherk, Supersymmetric Yang-Mills theories, Nucl. Phys. B 121 (1977) 77.

[17] S. Chiossi and S. Salamon, The intrisic torsion of SU(3) and G_2 structures,

math.DG/0202282;

T. Friedrich, On types of non-integrable geometries, math.DG/0205149; G.L. Cardoso et al., Non-Kaehler string backgrounds and their five torsion classes, Nucl. Phys. B 652 (2003) 5 [hep-th/0211118];

J.P. Gauntlett, D. Martelli, S. Pakis and D. Waldram, G-structures and wrapped NS5-branes, Commun. Math. Phys. 247 (2004) 421 [hep-th/0205050];

G. Dall’Agata and N. Prezas, N = 1 geometries for M-theory and type-IIA strings with fluxes, Phys. Rev. D 69 (2004) 066004 [hep-th/0311146].

[18] D. Lüst, Compactification of ten-dimensional superstring theories over Ricci flat coset spaces, Nucl. Phys. B 276 (1986) 220;

L. Castellani and D. Lüst, Superstring compactification on homogeneous coset spaces with torsion, Nucl. Phys. B 296 (1988) 143.

[19] B.P. Dolan, The spectrum of the Dirac operator on coset spaces with homogeneous gauge fields, J. High Energy Phys. 05 (2003) 018 [hep-th/0304037].

[20] T.R. Govindarajan, A.S. Joshipura, S.D. Rindani and U. Sarkar, Coset spaces as alternatives to Calabi-Yau spaces in the presence of gaugino condensation, Int. J. Mod. Phys. A 2 (1987) 797.

[21] Y. Hosotani, Dynamical mass generation by compact extra dimensions, Phys. Lett. B 126 (1983) 309; Dynamical gauge symmetry breaking as the Casimir effect, Phys. Lett. B 129 (1983) 193.

[22] G. Zoupanos, Wilson flux breaking and coset space dimensional reduction, Phys. Lett. B 201 (1988) 301.

[23] S. Kovacs, N = 4 supersymmetric Yang-Mills theory and the AdS/sCFT correspondence,

hep-th/9908171.

[24] R. Slansky, Group theory for unified model building, Phys. Rept. 79 (1981) 1.

– 22 –